ABSTRACT. We introduce the notion of torsion class of abelian cyclically ordered groups; the definition is analogous to that used in the theory of lattice ordered groups. The collection T of all such classes is partially ordered by the class-theoretical inclusion. Though T is a proper class, we can apply the usual terminology for this partial order. We prove that T is a complete, infinitely distributive lattice having infinitely many atoms.
Introduction
The notion of cyclically ordered group can be viewed as a natural generalization of the notion of linearly ordered group. Basic results on cyclically ordered groups have been proved by L. Rieger [9] and S. Swierczkowski [10] ; cf. also L. Fuchs [3] . For further results, cf. [5] , [6] , [7] , [11] .
We remark that the notion of variety cannot be used in the theory of cyclically ordered groups; namely, direct products are not defined in this theory. Hence by searching for a classification of cyclically ordered groups, we have to apply instead of varieties other systems of classes. In this situation, it seems to be natural when we apply the methods known from other types of algebraic structures.
Radical classes of linearly ordered groups have been studied by C. G. Chehata and R. Wiegandt [2] and in some further papers. This notion was extended for the case of cyclically ordered groups in [6] .
Torsion classes of lattice-ordered groups have been introduced by J. Martínez [8] ; they were investigated in several articles. A nonempty class of lattice-ordered groups is defined to be a torsion class if it is closed with respect to homomorphisms, convex -subgroups, and joins of convex -subgroup.
Using an analogous definition, we introduce the notion of torsion class of abelian cyclically ordered groups; the detailed definition is given below. Let T be the collection of all torsion classes of abelian cyclically ordered groups; T is partially ordered by the class-theoretical inclusion.
We show that T is a proper class. Nevertheless, we can apply the standard terminology for the given partial order on T .
We prove that T is a complete, infinitely distributive lattice having infinitely many atoms. Let X be a class of abelian cyclically ordered groups; the torsion class generated by X is constructively described.
We remark that the lattice of torsion classes of lattice-ordered groups fails to be infinitely distributive (cf. [4] ).
Preliminaries
In the present section, we recall the basic definitions concerning cyclically ordered groups.
Let (G; +) be a group and let 
Then G is said to be a cyclically ordered group. The relation under consideration is a cyclic order on G.
TORSION CLASSES OF ABELIAN CYCLICALLY ORDERED GROUPS
Each subgroup of G is considered as being cyclically ordered by the induced cyclic order.
Let G and G be cyclically ordered groups. A mapping ϕ : G → G is a homomorphism if (i) ϕ is a homomorphism with respect to the group operation;
(ii) whenever x, y and z are elements of G such that [x, y, z] and ϕ(x), ϕ (y) and
If, moreover, ϕ is a monomorphism, then it is an isomorphism.
For lattice-ordered groups (and, in particular, for linearly ordered groups) cf. [1] .
Let L be a linearly ordered group. For distinct elements x, y and z of L we put [x, y, z] if
is valid. Then L with the mentioned relation is a cyclically ordered group. We say that this cyclic order is induced by the linear order of L.
The following example of a cyclically ordered group will be frequently used below. Let K be the set of all reals x with 0 x < 1. We define the operation + in K as addition mod 1. For distinct elements x, y and z of K we put [x, y, z] if (1) holds. Then K is a cyclically ordered group.
Assume that G is a cyclically ordered group and that L is a linearly ordered group. We denote by G⊗L the direct product of groups G and L. Let u = (a, x), v = (b, y) and w = (c, z) be distinct elements of G ⊗ L. We put [u, v, w] if some of the following conditions is satisfied:
(ii) a = b = c and x < y;
Then, G ⊗ L turns out to be a cyclically ordered group.
If u is as above, then we set
Suppose that K 1 is a subgroup of K and let G 1 be a cyclically ordered group. A mapping ϕ of G 1 into K 1 × L is said to be a representation of G 1 if the following conditions are satisfied:
Ì ÓÖ Ñ 2.1º (Swierczkowski [10] ) Each cyclically ordered group possesses a representation.
c-convex subgroups
A subgroup H of a cyclically ordered group G is said to be c-convex (cf. [6] ) if some of the following conditions is fulfilled:
Let K 1 and L be as in Section 2. Assume that
is a representation of the cyclically ordered group G. Put
In view of [6, 3.5; 4.6], we have:
Ä ÑÑ 3.1º Let H be a subgroup of a cyclically ordered group G with H = G.
Then the following conditions are equivalent:
If G is a cyclically ordered group then by the expression "G is linearly ordered" we always mean the fact that there exists a linear order on G such that (G; ) is a linearly ordered group and the cyclic order under consideration is induced by . If such a linear order exists, then it is uniquely determined and we have (cf. It is well-known that the system of all convex subgroups of a linearly ordered group (the system being partially ordered by the set-theoretical inclusion) is linearly ordered. From this we obtain:
Ä ÑÑ 3.3º Let c(G) be the system of all c-convex subgroups of a cyclically ordered group G; let this system be partially ordered by the set-theoretical inclusion. Then the system c(G) is linearly ordered.
Under the notation as above, {0} is the least element of c(G) and G is the greatest element of c(G). If {H i } i∈I is a nonempty system of elements of c(G), then clearly i∈I H i ∈ c(G) and hence
is valid in the linearly ordered set c(G). Thus c(G) is a complete lattice. Moreover, i∈I H i also belongs to c(G) and thus the relation
holds in c(G).
From Lemma 3.1 and the relation (2) we obtain:
Ä ÑÑ 3.4º Let G be a cyclically ordered group which fails to be linearly ordered.
In what follows, all cyclically ordered groups under consideration are assumed to be abelian.
Suppose that G is a cyclically ordered group and H ∈ c(G). Let x 1 , x 2 and x 3 be elements of G such that the classes x i + H (i = 1, 2, 3) are mutually distinct. We consider the quotient group G/H and we put [ 
The collection T
We denote by C a the class of all abelian cyclically ordered groups.
Ò Ø ÓÒ 4.1º A nonempty class X of elements of C a is said to be a torsion class if it satisfies the following conditions:
(i) X is closed with respect to homomorphisms.
An analogous definition has been applied for torsion classes of lattice-ordered groups (cf. [8] ).
Let T be the collection of all torsion classes of cyclically ordered groups. This collection is partially ordered by the class-theoretical inclusion. Then C a is the greatest element of T . Further, the class X 0 consisting of all one-element cyclically ordered groups is the least element of T . If G is a cyclically ordered group, then G 0 is as in Section 3.
For each infinite cardinal α we denote by X(α) the class of all cyclically ordered groups G which satisfy the condition
Ä ÑÑ 4.2º Let α be an infinite cardinal. Then X(α) belongs to T .
P r o o f. We have to verify that X(α) satisfies the conditions (i), (ii) and (iii) from Definition 4.1.
and so H ∈ X(α).
(ii) Let G ∈ X(α) and H ∈ c(G).
Obviously, X 0 ⊆ X(α). Hence the class X(α) is nonempty. Summarizing, we conclude that X(α) is a torsion class.
Ä ÑÑ 4.3º Let α and β be infinite cardinals, α < β. Then, X(α) ⊆ X(β) and

X(α) = X(β).
P r o o f. Evidently, X(α) ⊆ X(β).
We denote by ω(β) the first ordinal whose cardinality is equal to β. Let I be the linearly ordered set dual to ω(β) + 1. The symbol Z has the usual meaning (the additive group of all integers with the natural linear order). For each i ∈ I, let G i = Z. Consider the lexicographic product
(cf., e.g., Fuchs [3] ). For g ∈ G 1 and i ∈ I, let g i be the component of g in G i . Further, let G be the set of all g ∈ G 1 such that the set {i ∈ I : g i = 0} is finite. Then G is a subgroup of G 1 ; it is linearly ordered by the induced relation of order. Thus G can be viewed as a cyclically ordered group with G 0 = G.
If 0 < x ∈ G, then the cardinality of the interval [0, x] in G is less than or equal to β. Hence G belongs to X(β) but it does not belong to X(α). Thus X(β) = X(α).
For each infinite cardinal α we put ϕ(α) = X(α). In view of Lemma 4.2 and 4.3, ϕ is a monomorphism of the class of all infinite cardinals into the collection T . Hence T is a proper class.
Nevertheless, we can apply the usual terminology concerning the partial order in T . Let ∅ = {X i } i∈I ⊆ T . In view of Definition 4.1, we have i∈I
From this and from the fact that T possesses the greatest element and the least element, we conclude:
Ì ÓÖ Ñ 4.4º The collection T is a complete lattice.
The classes hom X, sub X and join X
Assume that X is a nonempty subclass of the collection C a . We denote by hom X -the class of all homomorphic images of elements of X; sub X -the class of all c-convex subgroups of elements of X; join X -the class of all cyclically ordered groups G such that there exist H ∈ C a and
Evidently, join X is the class of all G ∈ C a such that G = i∈I G i for some
We obviously have hom hom X = hom X, sub sub X = sub X, join join X = join X.
Let G be a homomorphic image of G. Then there is a congruence relation ρ on G such that, up to isomorphism, we get G = G/ρ. Due to Lemma 3.5, the congruence relation ρ is generated by a c-convex subgroup G 0 of G; we can write
If there exists i(1) ∈ I with G 0 ⊆ G i(1) then we put We put
TORSION CLASSES OF ABELIAN CYCLICALLY ORDERED GROUPS
If we successively construct the sets X 1 , X 2 and Y 1 , Y 2 , then using Theorem 2.1 and Lemma 3.1, we conclude that each element of X 2 belongs to Y 2 , and conversely, therefore we have hom sub X = sub hom X.
If Z 0 is the least element of the class {Z ∈ T : X ⊆ Z} then we say that Z 0 is the torsion class generated by X.
Then Y 0 is the torsion class generated by X.
a) From the lemmas 5.1, 5.2 and 5.3 we conclude that
In view of the definition of torsion class we obtain the relation join sub hom X ⊆ Z,
Summarizing, we conclude that Y 0 is a torsion class generated by X.
Let H ∈ C a and G ∈ c(H). Then c(G) is an interval of the lattice c(H). Hence c(G) is a closed sublattice of c(H). This implies that if
is equivalent with the condition
For ∅ = X ⊆ C a , we denote by X * the class of all G ∈ C a having the property that there exists a set {G i } i∈I ⊆ c(G) ∩ X satisfying the condition (i). Since (i) and (ii) are quivalent, we conclude ÈÖÓÔÓ× Ø ÓÒ 5.5º Let ∅ = X ⊆ C a . Then join X = X * .
Infinite distributivity
A complete lattice L 1 is said to be infinitively distributive if the relations
hold identically in L 1 .
Ì ÓÖ Ñ 6.1º The lattice T is infinitely distributive.
Assume that {X i } i∈I is a nonempty collection of torsion classes. Consider the operations ∧ and ∨ in the lattice T . We have already remarked above that
Ä ÑÑ 6.2º We have
P r o o f. We put
Let i ∈ I. Since X i ∈ T , we get sub hom X i = X i . Hence
Thus according to Theorem 5.4 we conclude that X 2 is a torsion class.
For each i ∈ I, X i ⊆ X 2 . Since X 2 is a torsion class, we get X 1 X 2 .
Let Z ∈ T and suppose that X i Z for each i ∈ I. Then i∈I
Summarizing, we obtain X 2 = i∈I X i = X 1 .
Ä ÑÑ 6.3º
The lattice T satisfies the identity (1).
Ä ÑÑ 6.4º The lattice T satisfies the identity (2). P r o o f. Let Y and {X i } i∈I be as in the proof of Lemma 6.3. We put
Hence for each i ∈ I, we have G ∈ Y ∨ X i . Then, Lemma 6.2 yields
First, let us suppose that there exists i ∈ I such that for each j
Now, assume that such i ∈ I does not exist. Then, we can suppose without loss of generality that for all i ∈ I and j ∈ J i , G ij ∈ X i . Consequently, G ∈ join X i = X i for every i ∈ I, so that, G ∈ i∈I X i .
Considering the both cases, we have
In view of Lemma 6.3 and 6.4, we conclude that Theorem 6.1 is valid.
TORSION CLASSES OF ABELIAN CYCLICALLY ORDERED GROUPS
Atoms in T
As above, we denote by X 0 the class of all one-element cyclically ordered groups. Hence X 0 is the least element of T .
An element X ∈ T is an atom in T if X 0 < X and if there does not exist any
Let A be the class of all atoms in T . In the present section, we prove that A is infinite.
We denote by S 0 the class of all cyclically ordered groups G which have the following property (p) G is finite and card G > 1.
Let us remark that, by Theorem 2.1, each finite cyclically ordered group is isomorphic to a subgroup of the group K, so it is abelian.
Let G ∈ S 0 . We denote by G the class of all cyclically ordered groups H such that either card H = 1 or H is isomorphic to G. P r o o f. a) Let G 1 be a c-convex subgroup of G. According to Lemma 3.1 we get that either G 1 = {0} or G 1 = G. This yields that sub G = G. b) Further, let G 2 be a homomorphic image of G. Applying the result of a) and using Lemma 3.5 we infer that either card G 2 = 1 or G 2 G. Hence hom G = G. c) We want to verify that the relation join G = G is valid. We have G ⊆ join G. Let G ∈ join G. If G = {0}, then clearly G ∈ G. Assume that G = {0}. There exist H ∈ G a and ∅ = {G i } i∈I ⊆ c(H) ∩ G such that G = i∈I G i is valid in c(H). Without loss of generality we can suppose that G i = {0} for each i ∈ I. Then G i is isomorphic to G and then, in view of Lemma 3.1, we obtain that G i = G for each i ∈ I. This yields that G belongs to G. Thus G = join G.
From the above results and from Theorem 5.4 we conclude that G is a torsion class.
Ä ÑÑ 7.3º Let G ∈ S
0 . Then G is an atom of T . P r o o f. Let X ∈ T , X = X 0 and X G. There exists G ∈ X with G = {0}.
Then G ∈ G, hence G is isomorphic to G. Since X is closed with respect to isomorphism, we get G ⊆ X. Therefore X = G.
From Lemmas 7.1-7.3 we conclude:
ÈÖÓÔÓ× Ø ÓÒ 7.4º The class A is infinite.
